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Abstract 

We study the partition function of the compactified 5D U(l) gauge theory (in the O- 
background) with a single adjoint hypermultiplet, calculated using the refined topological 
vertex. We show that this partition function is an example a periodic Schur process and is 
a refinement of the generating function of cylindric plane partitions. The size of the cylinder is 
given by the mass of adjoint hypermultiplet and the parameters of the ^-background. We also 
show that this partition function can be written as a trace of operators which are generalizations 
of vertex operators studied by Carlsson and Okounkov. In the last part of the paper we describe 
a way to obtain (q, t) identities using the refined topological vertex. 



1 Introduction 



The topological vertex formalism 03 13 has not only been able to completely solve the problem 
of determining the Gromov-Witten/Gopakumar-Vafa/Donaldson-Thomas invariants of the toric 
Calabi-Yau threefolds but has also provided insights into their combinatorial aspects. In this paper 
we continue the study of the combinatorial aspects of the Nekrasov's extension of the topological 
string partition functions (which are same as the partition functions of the 5D compactified gauge 
theory in the ^-background) for certain toric Calabi-Yau threefolds. Our main example will be a 
rather interesting Calabi-Yau threefold X H which gives rise, via geometric engineering, to U(l) 
gauge theory with one hypermultiplet in the adjoint representation. We provide a combinatorial in- 
terpretation of the refined partition function of Xjj in terms of plane partitions living on a cylinder. 
These cylindric partitions were studied in [3J and are closely related with periodic Schur process. 
We will see that this cylinder naturally appears in the toric description of X H and the size of the 
cylinder is determined by the mass of the adjoint hypermultiplet and the parameters (ei, e 2 ) of the 
^-background. We only consider the £7(1) theory in this paper, however, the relation with periodic 
Schur process and cylindric partitions extends to the U (N) theory with adjoint hypermultiplet as 
well 01. 

The partition function of the 4D gauge theory was recetly interpreted in terms of matrix elements 
of a vertex operator corresponding to certain K-theory classes on product of Hilbert schemes of 
C 2 B5]|. In this paper we make a similar attempt in trying to understand the compactfied 5D gauge 
theory partition function in terms of certain (q, t) vertex operators which are a natural generaliza- 
tion of the vertex operators discussed in [5]. The relation with cylindric partitions implies that the 
matrix elements of these vertex operators are given by number of cylindric partitions of a certain 
type. 

In the last section of the paper we derive a set of (q, t) identities associated with certain toric 
CY3 -folds. These identities encode the fiber-base duality of the J\f = 2 gauge theories J6]|. 

The paper is organized as follows. In section 2 we give a detailed account of the refined vertex 
using the transfer matrix approach and give the refined crystal picture for the partition function 
of various CY3-folds. In section 3 we consider the partition function of U(l) adjoint theory in 
detail and relate it to the combinatorics of cylindric plane partitions. We provide also provide an 
introduction to the basics of cylindric partitions. In section 4 we discuss the (q, t) generalization 
of the vertex operators of [5J. In section 5 we use the choice of the preferred direction needed for 
the refined vertex calculation to give a set of (q, t) identities associated with certain simple toric 
CY3-folds. 
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2 3D Partitions, Refined Vertex and Crystals 



In this section, first we are going to review some background material including the definitions of 
2D and 3D partitions, the partition function of a plane partition with multiple variables and the so- 
called transfer matrix approach to compute those partition functions. We should warn the reader 
that our presentation is going to be far from the most general form, but rather include only the 
special cases we need. Later, we are going to focus on the particular parametrization of the refined 
topological vertex and work out the crystal model for the closed refined topological vertex. 

2.1 Transfer matrix approach 

A 2D partition u consists of non-negative integers with decreasing order u = {v\ > u 2 > . . . , \vi > 
0}. The pictorial representation obtained by placing z/j boxes next to each other relates them to the 
Young diagrams. If we have another 2D partition A in addition to v such that \ > Vi for all i 
we say A includes v and denote it by u C A. This condition implies that any box belonging 
to v is also an element of A. For two such partitions we can construct the skew partition X/u by 
removing all boxes that are elements of u from A, i.e., X/u — {(i, j) G X\(i,j) u}. It is obvious 
from this definition that a skew partition might not be a partition. However, if A is chosen to be 
A = {Xi = L\i = 1,..., M} such that L and M are large enough to include v in A, the skew 
partition X/u is always a 2D partition. 

A plane partition n is defined by an array of non-negative integers satisfying 



Plane partitions have also a 3-dimensional pictorial representation: if we divide the base xy-plane 
into unit squares and denote them by (z, j), we can place 7r, j boxes over each square (i, j). In this 
sense, plane partitions are considered a generalization of Young diagrams. The total number of 
boxes of a plane partition n is given by 



A skew 3D partition of shape X/u is an array of non-negative integers {7^ | G X/u} satis- 
fying the same condition as in Eq. (12.11) . 



i+r,j+s j 



r, s > 0. 



(2.1) 
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The partition function corresponding to a skew plane partition of 
shape v c (the complement of u) is given by 



(2.2) 



n 1 

J- J- l- a h(i,j) 



Figure 1 : The hook length of a 
box in v c . 



where h = j — Vi + i — uj — 1 is the hook length of the box 
(i, j) G v c as shown in Fig.Q] 



If v is the empty partition 0, the partition function becomes the 



MacMahon function, 



oo 1 

M(q) := Z,{q) = \{—— 
k=i ^ C - 



k\k ' 



(2.3) 



If we normalize the partition function Z u (q) by the MacMahon function M(q) then we obtain 
Z v {q) given by 



Z v (q) ■■- 



Zu(q) 
M{q) 



_ q h(i,j) ' 



(2.4) 



where h(i, j) = z/j — j + z/j — i + 1 is the hook length of a box in v. This partition function as well as 
more general ones which we will define shortly can be computed using transfer matrix formalism. 
We can consider a plane partition function as a sequence of 2D partitions, {77(a) |a e Z}, along the 
slices whose projection to the base is given by y — x = a. 

This sequence is obtained by slicing the plane partition by diagonal planes as shown in Fig. [2j The 
definition of a plane partition puts strong conditions among the 2D partitions in the sequence. Be- 
fore we spell out these conditions we need to define interlacing: we say a 2D partition fi interlaces 
another 2D partition v, written as ji y u, if 



Ml > V\ > j2 2 > h>2 > ■ ■ ■ ■ 



(2.5) 



Note that interlacing is a stronger condition than including. The diagonal slices 77(a) obtained from 
a plane partition satisfy 



7/(a + 1) >- 77(a), a < 0, 
77(a) >- r/(a + 1), a > 0. 



(2.6) 
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Now we are ready to define, following 0, a more generalized partition function of a plane parti- 
tion: we can weigh different slices of the 3D partition with different variables, hence the partition 
function becomes 

{r?(a)} aGZ n a£Z 




where |7r a | = Yli^a+i- It is obvious from this definition 
that we will obtain the partition function we previously de- 
fined if we set all variables equal to each other, {q a = q}. 

The transfer matrix approach is based on associating a fermionic 
Fock space to 2D partitions. We will introduce creation/annihilation 
as well as the so-called vertex operators acting on this space 
of states equipped with a natural inner product. 

The Fock space T is a semi-infinite product of another vec- 
tor space V spanned by vectors k, where k E Z + 1/2. An 

A — 

element vs of the Fock space T = /\ 2 V is given by 



Figure 2: The diagonal slicing of the 
plane partition. 



vs = Si A s 2 A s 3 A 



(2.8) 



where S = si > s 2 > . . . is a subset of Z+ 1/2, such that S \ (Z< - 1/2) and (Z< - 1/2) \ S are 
both finite. Over this space there is a natural inner product with respect to which the basis defined 
by {v s} is orthonormal. 

The generators ipk and ipl of Clifford algebra satisfy the following anti-commutation relations: 

{V fe ,Vv} = 0, M,^,} = 0, {Vfc,#} = <W, (2.9) 

where k, k' E Z + 1/2. Later we will need the explicit action of the Clifford algebra generators on 
the basis vectors 

ip k (si A S2 A S3 A . . .) = /CAS1AS2AS3A... (2.10) 
i)* k (si A £2 A . . . As; A k Asi+i A . . .J = (-l)'si A S2 A . . . A S| A %i A . . . (2.11) 
i)* k (si A £2 A £3. . .) = 0, for£;GZ\S. (2.12) 

The vectors in the Fock space T can be parameterized by partitions: 



,(°) 



Ai-l/2AA a -3/2A.... 



(2.13) 
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where we ignore an irrelevant shift m of the vacuum energy from the definition in [7]. In our 
notation, v ^ denotes the vacuum state corresponding to empty partition 0. 

At this point, we have constructed a fermionic Fock space with Clifford algebra acting on it and 
established one-to-one correspondence with the 2D partition. What is needed to continue is an 
operator which can create states corresponding to 2D partitions which interlace a given 2D partition 
after acting on a given state. To construct this operator first we need to define a n 

«n= fa+ntt, n = ±l,±2,.... (2.14) 

These operators satisfy the following commutation relationships: 

[a n ,a m ] = -n5 n _ m , [a n ,^ k ] = ip k+n , [a n ,ipl] = -ip* k _ n - (2.15) 
The vertex operators are obtained from these operators a n 's by exponentiation 



r + (x) = exp | ^ — a n ) , (2.16) 

\n>\ n J 

r_(x) = exp (Y,— a -n ) • (2-17) 



n 

v n>l 



r + (a;) and r_(a;) are conjugates of each other with respect to the inner product on T\ 

(r_(x)u,tw) = (v,T+(x)w) . (2.18) 

The action of T_(x) on the vacuum state is particularly important, T_(x)v^ = vj^\ It is easy to 
verify that they satisfy the following commutation relation which we are going to use extensively 
(in addition to its action on the vacuum state as well as the conjugacy property): 

r + (x)r_(y) = (1 - xy)T_(y)T + (x). (2.19) 

Let us discuss this formal construction a little bit more explicitly. For the simplest cases, one 
can easily convince oneself of the above relation by expanding the exponential in T + (x) as a 
power series and acting with the individual terms in the expansion on a given state. One creates a 
generating function for all partitions that interlace the one acted on. This is summarized as 

Il r +(^H 0) = E s VM(^f- (2-20) 



More specifically 
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since sw M (l) = 1 if A y 11, and vanishes otherwise. 

The generalized partition function can be written in terms of the vertex operators. To sum over 
all possible plane partitions, one way is to start at a = oo with vacuum and apply T + (x). We 
end up with all possible partitions as a generating function on the next slice that interlace vacuum. 
Then we successively apply T + (x) until we hit the main diagonal slice a = 0. This way, we create 
partitions which interlace the partitions on the previous slice. After the main diagonal we start 
applying r_(j/)'s successively, and we create partitions that are interlaced by the previous slices, 
until we reach at a = — oo. The transfer matrix formalism can be used in a more general situation 
when we asymptotically have non-trivial states at a = ±00. 

The partition function of a skew 3D partition de- 
pends on the 2D partition v on the base. We di- 
vide the corners of the corresponding 2D parti- 
tion into inner and outer corners. We parame- 
terize the inner and outer corners by their coor- 
dinates Vi and Ui, respectively, of their projec- 
tion onto the real line as shown in Fig. [31 It is 

& -5 -4 -3 -2 -1 1 2 3 4 5 

convenient to introduce another set of parame- 
ters {x^|m G Z + 1/2} and identify them with Figure 3: Three inner corners {vi,v 2 ,v 3 } = 
g a 's in the following shape dependent way 0: {" 4 > " 2 > 3 i> two outer corners «2> = {-3, 0}. 




= q m+ i , m > v M or m - 1 > m > v { , (2.22) 

or 1 2 

x + 1 x~ ! = g" 1 , 

u » 2 2 



q m+ i , ra < v 1 or t> i+ i — 1 > m > Ui 



where M is the number of outer corners. In terms of these new variables, the generalized partition 
function reads 



Zu{{xi})=\ n r -(^)--- n n r -(^)--- (2.23) 

UM>m>VM Ui<rn<v i+1 Vi<m<Ui 

II r + {x-)v^A = ( n r_ eM (^))<),4 0) V 



v\>m>uo / \uo<m<UM 
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where m runs over Z+ 1/2. In the last equation, we have introduced some new notation; e{m) = +, 
if Vi < m < Ui for 1 < i < M and, e(m) = — , if < m < v i+ i for < i < M — 1. This 
partition function turns out to have a nice compact form 

U{<})= II (l-^ mi <) _1 , (2.24) 

mi <ni2 
mi £D _ ,m2&D + 

with = {m | e(m) = ±}. 



2.2 Refined topological vertex 



The transfer matrix formalism reviewed in the last section is capable of computing a partition func- 
tion with infinitely many parameters, one for each diagonal slice. However, the main motivation to 
construct a more refined topological vertex comes from the microscopic derivation of the Seiberg- 
Witten solution [8], and it has only two distinct parameters, q and t. We will review the correct 
choice of assigning equivariant parameters to the diagonal slices, i.e., the map {q a \a E Z} i— > 
{q, t}. We will refer the interested reader to the original reference [9] for the details of the physical 
motivation as well as the derivation of the refined topological vertex. Here, we only give the map. 



Imagine we are computing the partition function Z v for a 
partition v shown in Fig. HI According the transfer matrix 
method we have a series of diagonal slices presented by the 
red and blue lines in the figure. As we mentioned before we 
start at a = oo and apply r± repeatedly, following the arrows. 
For each partition we can construct a "barcode" by assign- 
ing a black or white box depending on whether we are going 
horizontally or vertically, respectively, while we are tracing 
the profile of v. Note that if we count the number of black 
boxes to the left of the i th white box, we get V{. For exam- 
ple, there are 5 black boxes to the left of the first white box. 
Similarly, if we count the number of white boxes to the right 
of the j th black box, we obtain v 1 -. It turns out that this bar- 
code is in one-to-one correspondence with 2D partitions. The 
(q, t) -assignment to each slice is essentially determined by 
this barcode, whenever we go vertically we count that slice 
with q, otherwise, along each horizontal pass, with t. For an 




= □ 



Figure 4: The parameters q and t are 
assigned based on the partition v = 

(5,4,4,3,1,1). 
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arbitrary 2D partition u the map has the following form: 



{x+|mG/J + } = {tq-« |z = 1,2,3,...}, (2.25) 
{x^\meD-} = {tf-H- v *i\j = 1,2,3,...}. (2.26) 

In general, at the asymptotes a = ±oo, we may not have empty partitions but instead two different 
partitions, say A and \i. The interlacing condition Eq. (12.61) requires us to excise the whole region 
behind those two partitions. In this sense, we are computing the transition from a 2D partition A 
to another one fj,. This is the generating function of all possible 3D partitions we can create by 
putting boxes in the empty region left by excising the three asymptotes ifTOl . 

Zx^{t,q):=( II r -M(4 m) )4 0) ^i 0) ) ■ (2-27) 

\uo<m<u N / 

The refined topological vertex is then defined to be 

C^(t,q) = Z ^ v f: q \ (2-28) 

^eoi^ q) 

= (I) : r^Pv*(r'; g ,f)X)(f) 1 s xt/v (r^)s, /r ,(r vt q- p ), 



where 



P u t(r p ;q,t) = t*Z u (t,q) 



2.3 Crystal models and (t, q) parameters 

In this section, we will discuss crystal models for X := 0(—l) © 0(—l) i— > P 1 and X\ : = 
O(0) © 0(— 2) i — > P 1 . We will see that both these models have exactly the same combinatorial 
description with the only difference being the expansion parameters. A better understanding of 
these combinatorial models and the expansion parameters (q, t) will help us later understand the 
combinatorial model for the compactified resolved conifold which gives rise to Z7 (1) gauge theory 
with adjoint matter. 

Recall that the refined partition function of X and X 1 is given by [9] (this can be calculated using 
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the topological vertex formalism^] 

Z Xo (Q,t,q)=Y[ (l-Qr^Hj, Z Xl (Q,t,q)=Y[ (l-Qtq^Y . (2.32) 

i,j=l i,j=l 

Where T = — log(Q) is the Kahler parameter associated with the P 1 in the geometry. The com- 
binatorial interpretation of Z Xl (Q, q, q) in terms of 3D partitions is well known [?]. A similar 
combinatorial interpretation for Z Xl (Q, t, q) can be found: Given a 3D partition 7r and its diagonal 
slices {r](a) , a G Z} 

qT. a >o \v(a)\ t±2 a <o \v(a.)\ _ ^Ei^i gEi(*-i)^ JT^ _ qh(s) j 1 ^ _ ^(s) j 1 (2.33) 

n,rj(0)=X s<=\ 

= s x (t,t 2 ,t 3 ,---)s x (l,q,q 2 ,---). 

The prefactor t^ ilXi gEO- 1 )^ arises because if 77(0) = A then the 3D partition with the least 
number of boxes is such that there are £V i\ number of boxes on or to the right of the main 



'The refined topological string partition function in terms of Gopakumar-Vafa invariants can be written as 

3l 3r 00 

z X ( U ,t, q ):= n n n n n (i-^+ fe «+ m 1 -^^- fc -.+^-^ e --- c )(- i ) 2<ji+jR,jv c i ' jR m. 

CeH 2 (X,Z) jh-ja k L = -jh k a =~j R mi,m 2 =l 

For the case of Xq and X\ this simplifies to 

JL 3R OO 

z Xh (Q,t,q)= n n n n (i-^ +fcH+mi -^ fei - fcn+m2 -^g) ( - i)2<ji+jR)jv ^' jfi( ^ ) .(2.29) 

3l,3r h L =-3L k R = -j R m 1 ,m 2 = l 

For Xo the moduli space of P 1 is just a point therefore N^ L ' 3R = Sj L ,o<5j H .o- For X\ the moduli space of P 1 is C. If 
the moduli space had been P 1 this would have given the spin content {jhiin) = (0, \) => (fc/,, kji) = (0, {— h, +■§})■ 
Since the moduli space is C we can think of it as half-P 1 giving the spin content (jL,jn) = (0, h) => kp) = 
(0,{ + i». Thus we get 

OG OO _ , 

Zx (Q,t,q)= [] (l-Q^V _l ) , Z Xl (Q,t,q)= i[ (l-QtV -1 ) ■ (2.30) 

Of course, we could choose the spin content for half-P 1 to be (jL,jn) = (0, i) (k^, kn) = (0, {— ^}). In this 
case we get 

Z Xl (Q,t,q)= H (l-Qf- 1 ^ . (2.31) 

i,3'=l 

In terms of combinatorics of 3D partitions the two choices for the spin content correspond to the choice of counting 
the partition 77(0) (the 2D partition on the main diagonal) with t or q. 
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diagonal and — l)Aj is the number of boxes below the diagonal. Thus 

A 7T,7?(0) = A A 

oo . 

= n (i-Q*V -1 )~ =^(Q,t,g). 

The refined partition function Zx (Q, £, q) has a similar combinatorial description in which instead 
of counting the slices with parameters q and t we count them with q and t^ 1 and also splitting the 
slice 77(0) symmetrically between the two parameters, 



E<2 |A| E 9 

A 7r,r;(0)=A 



+E o>0 lu(«)l ( r i) Ja ^ i +E.< D = ^ gW SA (H, rf , • • • ) s A (g*, 



Thus we see that both Z Xo (Q, t, q) and Z Xl (Q, t, q) can be expressed as a sum over 3D partitions 
as long as correct expansion parameters are chosen. 

The above is not the only crystal model for 
Z Xo (Q, q, q). Another model in terms 3D parti- 
tions has been discussed [11]. The model consists 
of putting an additional "wall" parallel to one of the 
already existing walls bounding the positive octant 
M 3+ , say the one along the a;,2-plane, in the region 
where we are growing our crystal. The distance 
of this additional wall to xz-plane is related to the 
Kahler parameter of the resolved conifold. The re- 
gion bounded by these walls seems like the toric 
diagram of the resolved conifold. Later we will 
consider the double-P 1 and the closed topological 
vertex for the refined case. First, we will allow the 
size of the preferred direction to be non-compact. 
This is equivalent to placing another wall, now par- 
allel to the y^-plane, and allowing the crystal grow 
in the 2-direction without any bound. Again, the 
location of this second wall is related to the appropriate Kahler parameter in the toric geometry. 
Later, for the closed refined topological vertex, we will introduce a projection operator and put a 
"ceiling" in the region where we grow the crystal, that is equivalent putting a last wall parallel to 
the a;y-plane. 




Figure 5: 3D partition and choice of slicing. 
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In Fig. [5l we show an example of a plane partition and show how the slices should be weighted; 
each blue slice, i.e. a > 0, gives rise to a factor of qrW°)l, whereas each red slice contributes 
with a < 0. For instance, the 3D partition in the figure counts as q 7 t 17 . 

The refined partition function of X can also be obtained by putting a wall at a distance of M along 
the y-direction. The partition function reads then 



,(o) „,(°) 

K oo>m>0 0>m>— M 

We can repeatedly make use of the commutation relation Eq. (l2. 191) of the vertex operators to get 

oo M _ x / \ 

^=nn( i -<-i/2 a; =fa+i/ a )~ n r +M n r-cx+K^.^i^s) 

fc 1= lfc 2 =l \0>m>-M oo>m>0 / 



^ — 



and then it is easy to see that the inner product is equal to 1, due to the Eq. (12.181 ) and the fact that 
T_(a;^) acts as identity on the vacuum state Vq. We have already established the map between 
{q, t] and {x^} in Eq. (12.251) . the partition function from the 3D crystal takes the form 



oo M 



i=l j=l 

Since 

oo oo 

Zx (Q,t,q) = UU{ 1 - 0*'*?'*) , (2-37) 

i=l j=l 

these two partition functions turn out to be related to each other in the same way as in [fT2l : 

= M{t,q)Z Xo {Q,t,q), (2.38) 

with the identification Qv/f = Q M ■ M(t, q) is the refined MacMahon function already defined 
in 10: 

oo oo 

M(t,q) = Hl[{l-fq>- 1 y 1 . (2.39) 

i=l j=l 
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2.3.1 Double-P 1 and closed refined topological vertex 



In this section, we will first place the second wall in our crystal and then put the ceiling. While 
introducing the second wall is in the same spirit as placing the first wall, the ceiling will require, 
as mentioned, the introduction of a projection operator Vn- 

In Fig. [6] we have the toric diagram for the double-P 1 . The double 
blue lines show our choice of the preferred direction. The crystal 
partition function is given by 



-* crystal 



( n r -(^) n r 

\L>m>0 0>m>-M 



Qi 



(0) .,(0) 



+ \ X m ) V i V 



(2.40) 




We repeat the same steps as in the previous example and obtain 

L M 

Z cryslal = - fg J *) (2.41) pjg Ure g. Toric diagram of 

i=lj=1 double-P 1 . 
The refined vertex computation (see Appendix A) gives 

[l-Q^-V-iXl-QatHgH) 



z doablc ^(Qi,Q2,t,q) = nn 

i=l j=l 



(2.42) 



After the following identification 



we get 



J crystal 



M(t,q) Z SouUsP i(Q 1 ,Q 2 ,t,q). 



(2.43) 



Let us now introduce the projection operator we mentioned before. The goal for such an operator 
is to eliminate the contributions coming from the 3D partition which are higher than our "ceiling". 
The projection operator can be written in terms of the fermionic operators ip k and ipl- Using the 
fact that 



if k = Xi — i + | , for some i = 1, 2, 3, • • • 
| A) otherwise 



mi A) = 

it is easy to see that the projection operator is given by 

Vn 



(2.44) 



n m 



(2.45) 
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For the purpose of calculating the generating function it is more useful to write the above projection 
operator as 



v N = J] Wi= E \n)b\- ( 2 - 46 ) 

j=N+\ r),rn<N 

Thus the refined generating function of the 3D partitions inaixMxoo box with the restriction 
that the 2D partition on the diagonal slice through the origin is 77. Thus if we want to put a ceiling 
of height N, we can do this by allowing only those partitions r? for which 771 < N. Thus the 
generating function of the 3D partitions inalxMxiV box is 

Z(N,M,L)= <°l II F -( x t)\v)(v\ II r +(^ m )|0). (2.47) 

r),r)i<N L>m>0 0>m>-M 

Using the expression of the matrix elements in the above in terms of Schur functions 

( V \ Y[T + (xi)\0) = (0| n r -(^)l^) = s,(x) 

i i 

we get 

Z(N,M,L)= s„(x+K(x-). (2.48) 

ri,rn<N 

It is easy to see that the above expression satisfies the limiting behavior of Z(N): 

Z(0,M,L) = l, Z(oo,M,L)= 11 (2.49) 

L>m>0,0>m'>-M 

Specializing to the (q, t) parameters by using the previously established map: 

{xt n \L > m > 0} = {t, t 2 , t 3 , • • • , t L } 
{x m \0>m>-M} = {l,q,q 2 ,--- ,q M ~ 1 } 

we get 

Z(N, M, L) — Sr,(t, t 2 , t 3 , • • • , t L ) s v (l, q,q 2 ,---, q M ~ l ) . (2.50) 

V,Vi< N 

Using the identity 

1 _ M+j-i 

9, <r". ■ - - , = a- 4 " II ^nr^jg-. < 2 - 51 > 
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where n{rj) = ~ I) 7 !* we § et 



z ( iv,M,L)= £ ■"(. ! )i"n " ' tM ,) • <2 - 52) 

■0,T)1<N s£-q K J\ 1 J 

It is easy to see that if either of L, M or N is equal to then the above generating function reduces 
to 1 as it should. However, it is easy to see that this crystal partition function is not related to the 
refined partition function of the closed topological vertex geometry Xc i in any simple way. The 
refined partition function for X c is given in Appendix A. It is easy to see that if instead of putting 
a ceiling in the crystal model we calculate the crystal partition function by weighing the diagonal 
slice with Q (as in the crystal model of X ) we get the refined partition function of X c , 

Zcrystal = ^ (~Q) M S„ (t* , t § , • • ■ , t M "5 ) S „ , ^ , ■ ■ • , q L ~ * ) (2.53) 

V 

Z vertex \Q) 
Z vertex (0) 

Where Z vertex is given by Eq (|7.3l) given in Appendix A. 



3 Adjoint Theory and Periodic Schur Process 

In this section, we will discuss the refined crystal model for the 5D U(l) theory with an adjoint 
hypermultiplet. We will also consider its 4D limit. In 4D this theory has properties similar to 
the J\f = 4 theory and is expected to be ultraviolet finite with partition function having modular 
properties. We will see that the combinatorics of the partition function of this theory is closely 
related to cylindric partitions 0. 



3.1 Geometric Engineering of U(l) Theory with Adjoint Hypermultiplet 

We will denote by X H the geometry which gives rise to J\f = 2 abelian gauge theory with one 
adjoint hypermultiplet via compactification of type IIA. The gauge theory is obtained by taking a 
special limit which we will discuss later. M-theory compactification of X H gives rise to a M = 1 
5D theory. We will consider this 5D theory on M 4 x S 1 with the radius of S 1 given by (3. The 
partition function we will compute in the next section using topological vertex formalism is the 
partition function of the compactified 5D gauge theory. 

2 This geometry is actually the resolution of the singular geometry C 3 /Z2 x Z2. 
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The geometry X H (and its mirror) was studied in detail in [fT3l[T4l[T6l[T5l and is the total space of 
a rank two bundle over an elliptic curve. The rank two bundle is the trivial bundle twisted by a line 
bundle with first Chern class equal to the mass, m, of the adjoint hypermultiplet. For m = we 
Af = 4 gauge theory as the X H in this case is simply E x C 2 where E is an elliptic curve. 




Figure 7: The "toric" diagram of Xh. There are 
two choices for the preferred direction required by 
the refined vertex: The internal (1,1) line or the 
two vertical external lines. 

internal (1,1) line or the two vertical external 



This geometry X H can also be obtained by partial 
compactfication of X lfl~5l . In terms of toric di- 
agrams this corresponds to a non-planar toric dia- 
gram obtained from the toric diagram of X by glu- 
ing two of the parallel external edges. This gives 
rise to another P 1 in the geometry such that the new 
Kahler parameter is proportional to the mass m of 
the adjoint hypermultiplet. This is shown in Fig.[7J 
In this case the refined vertex calculation can be 
done in two different ways corresponding to two 
different choices for the preferred direction: The 
dges. 



3.2 Refined partition function 

We begin with the calculation of the refined partition function of this theory using the refined 
topological vertex formalism [9] and the toric diagram of X H given above. Recall that the refined 
vertex calculation requires a preferred direction at each vertex such that all preferred directions 
of a given toric diagram be parallel). In the case of X H we see that there are two choices for 
the preferred direction corresponding to two seemingly different partition functions. Choosing the 

3 For an arbitrary toric diagram this may not be possible. An example is the toric diagram of 0{— 3) i— > P 2 . 
This condition is actually equivalent to requiring that the corresponding CY3-fold be such that it gives rise to a 
supersymmetric gauge theory via geometric engineering. Thus this CY will be some A n fibration over a chain of P-'-'s. 
The preferred direction then corresponds to the base of this fibration. 
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preferred direction to be the vertical external legs we get: 

ZU(Q,Q m ,t,q) = ^(-g m ) l ^ l (-g) |A| C AM0 (t,g)C AV0 (g,t) 



A, /J 

\m I-I12I 



x; (-^) H (-^) |A| (f) 2 *A*M(*" p )v^(ff~ p )^(ff"' , )v/^(*" p ) 

M^g)" 1 ^gi A l ^(t- p+ ^^,g~V) SA/At (g^, yji g~V) (3-D 



JJ (1 - Qm g H ^ (1) (g, g m , *, g) 

»J=1 



where 



g = e T , g m = e Tm , T, T m are the two Kahler parameters 

00 

M(t,q) = Hil-f- 1 ^)- 1 , Q. = QQ m 

zW{Q,Q m ,t, q ) = |^g |A| g|(: | S A/,(-g«^g^g- p )^(^ ) ^^^" p ) (3-2) 

On the other hand choosing the internal (1,1) leg to be the preferred direction we get: 

Z^(Q,Q m ,t,q) = ^(-g) M (-g m ) |A| C 0Ai ,(t,g)C 0A ^(g,t) 

2 t 2 °° 

= ^(-g) M g^t^^(t,g)Mg,t) JI t 1 " Qm?-' 1 *-"*-'*-") 

1/ i,j=l 
+oo 

where 
Note that: 

■ In Eq. d3.2l) we have introduced superscripts on Qm and Qm just to distinguish the arguments 
of the skew-Schur function from each other. But we will always take Qm = Qm = Q m - 

■ In going from Eq. (13.31 ) to Eq. (13.41) we have used the following identity [?]: 

rr°° (l-O a~ Vi ~ Pi t^~ pi ] 



n~ =1 (i-g m g-^t-^ 
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The two expressions Z^ l \Q, Q m , t, q) and Z^(Q, Q m , t, q) (and therefore Z^(Q, Q m , t, q) and 
Z^ 1 (Q, Q m , t, q)) appear different but are actually equal to each other as can be seen by expanding 
them in powers of Q and Q m therefore from now on we will not use the superscript to distinguish 
them unless we need a specific form of the partition function. Thus we see that different choices for 
the preferred direction for a given toric diagram give rise to non-trivial (q, t) identities involving 
"principal specialization" of the Macdonald function ifTTl . In section 4 we will give some other 
examples of (q, t) identities arising from the refined topological vertex calculation. 

In the gauge theory language Z^ (Q, Q m , t, q) or Z^ 1 (Q, Q m , t, q) is the contribution to the gauge 
theory partition function coming from instantons whereas the prefactor .(1 — Q m t l ~^ q^~^) is 
the perturbative contribution. For the moment we will ignore this prefactor and focus only on the 
instanton contribution. The partition function Z(Q, Q m , t, q) is invariant under the exchange of Q 
and Q rn but Z(Q, Q m , t, q) is not invariant under this exchange. 

Using the identity 

oo oo 

j2q 1 . m sa/„(x) s x/tl ( y ) = n (a - Qtr 1 n - Q-^y 1 ) > < 3 - 5 ) 

k=l i,j=l 

we can write Z(Q, Q m , t, q) in Eq. (|3.1l) in a product form: 



i i i , 

2 



Z(Q, Q m , t, q) = M(t, q)- 1 J] ((l - Q k .) JJ (l - Q k .Q~!q- l+ h^)(i - QjQ-^r' 

k=l *,i=i 

x(i-g^g i_ V)(i-g^" 1 g~ i+1 r i ; 

If \t\ < 1 and |g| < 1 (i.e., e\ < 0, e 2 > 0) then we should write the above as 



-i 



1 A 1 



- n ((x-^n/ 1 -T^:§^ ) ) ^ 

On the other hand if \t\ > 1 and \q\ < 1 (i.e., e\ > 0, e 2 > 0) then we should write the above 
partition function in terms of q and t~ l so that 

(i (?.Q„;>f Q k .Q y i ' 



Z(Q, Q m , t,q) = H ((1 - Q*)- 1 J] — 
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3.3 Field theory limit 



If we denote the mass of the adjoint by m then the 4D field theory limit is given by3 

Q m = \j-^ m , * = e^ 1 , q = e"^ 2 , P » . (3.6) 

We will see that the two instanton partition functions Z^(Q, Q m , t, q) and Z^(Q, Q m , t, q) give 
rise to an interesting identity in the above limit. We begin with Z^ (Q, Q m , t, q) as it is easy to see 
what the field theory limit of this is: 

z^{Q,Q m ,t, g )^ Z(Q ,m,ei,e 2 ) 

v q m n ^ + 1 + ~ + _ + + ™i 



(a(s) + 1 + &t{s)){a{s) + i?(£(s) + 1)) 



where d = —£2/^1 an d m = m/ei. The product inside the sum, in the expression above, gives a 



generalization of Nekrasov-Okounkov probability measure [1181 on the set of partitions [1191 



glVt 

1 



^ h ( s )2 _ fh 2 (a{s) + 1 + 0£(s) - m (a(s) + V£(s) + + m 

II L v II 7 vr \ — - ( 3 - 7 ) 

TT (i-gmt a(8)+1 g f(B) )(i-Q- 1 g <(B)+1 t a ( 8 )) 

^11 (1 _ta(5)+lg<(«))(l _ g *(s)+l£a(s)) 

A 

It was shown in [ 18 1 that for 1? = 1 (e x + e 2 = 0), 



m — 1 



Z(Q,m, ei ,- ei ) = n(l-Q n ) • (3-8) 

n=l 

Taking the field theory limit of Z^(Q, Q m , t, q) in Eq. (l3.2l) is slightly more subtle. To take this 
limit first notice that the argument of the first skew-Schur function in Eq. (l3.2l) is an infinite set 
which reduces to a finite set if we take Qm = \J\q M an d analytically continue to |g| < 1. The 
same is true for the argument of the second skew-Schur function: 

/ — Q^= fi- q M 
)0-)Ji„P n-P\ i m V " > = Ink n\ n\ ■■■ n M ~ 



{Q%\l- t <i p ,q- p } 1 = {g*,g*,ffV--,g*-*} (3-9) 



In identifying Q m with the mass m we have introduced a factor of y ~ so that the m i— > limit gives the partition 

function of A/" = 4 gauge theory. For the discussion of the relation between (q, t) and the ^-background [8 1 parameters 
(ei, £2) we refer the reader to 

5 h(i,j) = a(i,j) + £(i,j) + 1 is the hook length. 
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With this identification Eq. (13.21) gives 

Z^(Q, Q m , t, q) = ]T(-Q) |A| (-Q m ) M SxUqK q 1 , q^ • • • , q M ^) 8 XW (t* , t§, • • • , «M) 



oo M,L 



= n (c 1 - ^-)~ x n c 1 - s**- 1 ? H 

fe=l iij=l 

In the field theory limit given by Eq. (13.61) we get 



Z«(g, Q m , t, g) ^ f (Q, m, c lf e 2 ) = jj(l - Q k ) ML ~ l . (3.10) 

fc=i 



But since Q ( £ = q£ ] = J\e^ m 



^-q M = y|t L =S> e 1 (L-l) = -e 2 {M-l)=>L-l = d(M-l) 



m = e 2 M, . 
which implies that 



ei e 2 

Thus we see that in the field theory limit 

oo 

, > _ jj^ /V , S - 1 ;| • J 

k=l 

This gives us the following interesting identity: 



(3.11) 



ML -I = (M-1)(0M + 1) (3.12) 
(m - e 1 )(m - e 2 ) 



Q m , t, g) ^> f (Q, m, ei, e 2 ) = - Q fc )~ "^i^ 2 . (3.13) 



Z^i/V ll se ^ (o(s)+l+i?^(s))(a(s)+i?(^(a)+l)) llfc=ll 1 V ) 



4 Periodic Schur Process 

Let us denote by P the set of Young diagrams. A periodic Schur process is a random process 
defined on P 2K such that it assigns to a set {\( a \ /i (a+1 ) | a — 0, 1 - • • , if — 1} of 2fT partitions the 
weight 

1 K ~ l 

— x <^ |A(0)| TT S A (a)/ At (c,+l)(x a+1 )s A(a+ l) / (a+l)(y a+ l) (4.1) 
a=0 
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where A^ = A^ ^ x a , y a are specializations of the algebra of symmetric functions and Gk is the 
partition function of the process, 

K-l 

G K ((p,x,y) := ^' A(0)| II s AW/M«+i)( x a+i)sA(-+i)/M a+1 )(ya+i)- ( 4 - 2 ) 

a( )m (1) ,-,a( jc - 1 \m (jc) a=0 

We will consider the case when K = 1 which is closely related, as we will see, to the counting of 
cylindric plane partitions. For K — 1 the weight assigned to the pair {A, fi} is 

— x s A/M (x) s A / M (y) (4.3) 

and 

Gi(v?, x, y) = ^ y? |A| s A / M (x) s A / M (y) • (4.4) 

A,/i 

If we take a particular specialization 

x = x(t,q,Q) = {r'+$q-*,Q- 1 t p } (4.5) 

y = y(t, q, Qm) = {q~ p , \J\Qm v p } » ( 4 -6) 
and take (p = Q, then from Eq (|3.1l) it follows that 

G^g., x(t, g, Q), y(t, g, Q m )) = M(t, g) Z«(Q, Q m , t, g) (4.7) 

Thus the partition function of the K = 1 periodic Schur process is precisely the partition function 
of the abelian gauge theory with an adjoint hypermultiplet. It was shown in that the K = 
1 Schur process is related to the counting of cylindric partitions. The cylindric partitions, first 
introduced in [|20l . are generalizations of the plane partitions. However, for our purposes, the 
reparameterization of them in [3] is more suitable, which we largely follow. 

A cylindric plane partition of type (n, €) is an infinite array {ir iy j \i,j E Z} of non-negative num- 
bers such that: 

7Tjj is weakly decreasing in both i and j , 

The figure below shows an example of a cylindric partition. It is an infinite periodic diagram with 
one period shown between the vertical lines. Since the partitions on the vertical lines are identical 
we can glue them together and instead consider a finite diagram on a cylinder with period n + £. 
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Let us define G n ' l (s) to be the generating function of cylindric plane partitions of type (n, £), 



cylindric partitions it of type (n, £) 



where \ir\ — Y17=i j=i n hr This generating function was determined in [[31 and is given by 

oo i,n 

G n ' e (s) = Y[((l-s k ( n+ V)- 1 EI (1 - s k ^- i - j+1 )- 1 ) ■ (4-9) 

k=l i=l,j=l 

We will show that this generating function is exactly the partition function of X H after an iden- 
tification of parameters. To see this recall that the partition function of X H (Eq (|3.1|) ) is given 
by 

Z^(Q,Q m ,t,q) = M{t,q)- 1 Z{Q,Q m ,t,q) (4.10) 
Z(Q,Q m ,t,q) = ^Q^Sx/^t-P^Q-H^s./^^Q^q^ 
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The arguments of the two skew-Schur functions in the above equation are an infinite set of vari- 
ables. By quantizing the two Kahler parameters (and analytic continuation to |g| < 1, \t\ < 1) we 
can convert these infinite set of variables into a finite set: 



{fq-iiQ-H-'+i \i > 1} 
{<ti,\feQ£q**\i>l} 



i : ► {fq-l \i = 1,2, 



(4.11) 



'* q -n 



{q i 5 \i = 1,2, - •• ,n} 



Eq (|4.10|) becomes 

z{Q=^t- e ,Q m =^q- n ,t,q) = ^(rVT 1 ^ (* T 1 ' * * " > t& 



x Sa/M? 2 ,9V ,q 



a J. 



\ [ ((1 - (r e q- n ) k ) H (1 - q i-^n t j~k^ 

k=l *,?=! 



Comparing the above with Eq (|4.9l) we get 



(4.12) 



The two Kahler parameters T, T m are quantized and given by the positive integers (n, €) which 
define the type of the cylindric partitions: 



T 



El + ^2 



T 



-e 2 n - 



2 

ei + e 2 



5 Hilbert schemes and Vertex Operators 

The Hilbert schemes of C 2 (Hilb* [C 2 ] ) play a central role in the Nekrasov's derivation of the gauge 
theory partition functions using localization [8J. In this section we see that the topological string 
partition function of Xh can be written in terms of certain vertex operators which are generaliza- 
tion of operators related with the cohomology of the Hilbert scheme Hilb* [C 2 ] and were studied 
recently in ||5). 
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Recall that the instanton part of the gauge theory partition function of is given by Eq (l3.2l) . 

V V V q 

Where Q, = Q Q m and in going from the first line in the above equation to the second line we 
have used the properties of the principal specialization of the Schur functions: 

SxyA Z( f^ P ) = {-zt^s x/ „{z- l q-»,q») (5.2) 

The skew-Schur function in Eq (l5.1l) can be written as a matrix element of an operator. To see this 
note that 



where are the Littlewood-Richardson coefficients. Let us define an operator a v labeled by a 
partition v such that 



A 

It follows from the above that 

<£ v = (M^lv) = (vHW ■ (5.5) 

Then we see that the skew-Schur function can be written as 

s a/^(x) = ^4s,(x) = ^(A|S,» s„(x) (5.6) 
v n 



The operators a u are give by 



a u = ^2 z^ 1 x v {y) « M > ( 5 - 7 ) 



where z^ = l mi mi !2 m2 777.2! • • • for a partition // = (I m i2 m2 • • • ) and x M is the character of the 
symmetric group. The operator a u = a Ul a V2 ■ ■ ■ and [a n , a m ] = n5 n+mfi . It is easy to see that in 
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terms of power sum symmetric functions p n (x) = J2i 

(5.8) 

w ( x ) = s v(*)®v = ^VmW 



. OO , s 

n 



= -P(E^««) (5.9) 

n=l 

Using the above realization of the skew-Schur function as a matrix element we can write 

£ sa/ m (x) «A/,(y) = £ Q W (A| ( £ ^(x)^) |a*> (ai| ( £ *„(y)3{) I A) 

A,/x A, /i r) r] 

= Tr(gfW(x) Qf W(y)t) (5.10) 

Where iif |A) = |A| |A). Thus the instanton part of the gauge theory partition function can be 
written as the following trace: 

q% (1 - z?) \ /v-^ t n (l - 4 



2<»(Q,Q m , t , 5 ) = Tr(Q f exp(i:ii^ a „)exp(E^i^ a -.)), 

n>l n>l ^ \ / 

where = Q m and z 2 = Qm 1 \/f ■ ^ n tne ^ meor y limit given by Eq (l3.6l) the above 
trace becomes: 

Z(Q,rn,ex,e 2 ) = Tr(Q^exp(™ £ -a n )exp(— — ^ — ~£~ a -™)) ( ^ 5 - 11 ^ 



z n>0 n>0 



And specializing the Omega background ei = — e 2 = we get (m = ^ = — ™) 

Z(Q,m, -e 2 , e 2 ) = Tr^Q H exp( - m £ -ct„)exp(m £ -«- n )) (5.12) 

n>0 n>0 

= ^Q |A| (A|WyA> 

A 

where 

l^n = exp( - fh £ -«n)exp(m£ (5.13) 

n>0 n>0 

In it was shown that the vertex operator Wfh h as matrix elements given by intersection over the 
Hilbert Scheme of C 2 , 



( l i\W ih \X)= / ^A^e(£), (5.14) 

/ffilbVlxHilbVl 



Vp(x) = p M1 (x)p M2 (x)--- - £ aX A (m)sa(x),s a (x) = Eu «u X X A (m)P/ 1 (x),EaX A (m)X A (i 



L vV„Wf^ = A, . 
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where oj\ and a> M are the pull-backs to the product of the cohomology classes of Hilb fc [C 2 ] and 
HihV [C 2 ] respectively, k and / are given by |A| and and E is a bundle on the product whose 
fiber at (I, J) e Hilb fc [C 2 ] x Hilb'[C 2 ] is given by 

E\ {I ,j) = X (0(m)) - X {I, J ® 0{m)) . (5.15) 

The proof of Eq (l5.14l) was shown to be equivalent to the following identity B21 

(E-f (E^r+ e - 1 J x , J,), = 5 X ,, l[(a(s) + 0(t(s) + 1) + m) \[{a{s) + 1 + i{s) - m) . 

sex se/i 

Where J\ are the integral form of the Jack polynomials, E = exp^ ^ n>0 ^ p n j and (-, is 
the i? dependent product defined over the ring of symmetric functions. Using the above identity we 
can write the 4D gauge theory partition function as 

v |A| (E-f (£t)m+e-i J A , J x ) 6 ^ |A| n ( a (s) + gfflg) + 1) + m)(a(s) + 1 + d - m) 
^ (Jx,Jx)v " Y sex (a(s) + #(£(s) + m<s) + I + t(s) #) 



fe=i 



Since the two parameter generalization of the Jack polynomials are Macdonald polynomials there- 
fore it is not surprising that the 5D gauge theory partition function can be written using the (q, t)- 
dependent product (• , -) q>t defined on the ring of symmetric functions. This product is defined 
such that IfTTH 

1 _ //( s )+! + a ( s ) 

(Px, P,U = 5a,(-1) |A|+W II x.Lm^hi • ( 5 - 16 ) 

sex ^ 

The integral form of the Macdonald polynomials J\(t, q) is defined as [1211 

Jx = (l[(l-q iis) t ais)+1 ))Px, (5.17) 



sex 



such that 



(Jx,J„) g ,t = 5 AM (-l)l A l+lMlTJ (1 _ g %)+l t a( S ))( 1 _^) t a( S )+l) (5 . 18) 



sex 

lim ^} q ~t, = Jx ■ 
t~i (lnt) A l 

In terms of this product we can write the 5D gauge theory partition function as 

v w (G(Q m ,t,q)Jx,Jx) q ,t _ V M i-r (1 - Q m t a ^ - Q-J q^ f («>+*) 

(J x ,J x ) q , t ^ 11 (1 VW)(l-^(-)+i^W) 
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Where 



G(Q m ,t,q) = E^zi,l;qjE^J^z 2 ,^;ty (5.19) 

E(x,y;q) = exp(V^-^-(4 K?)p n ) 

V / V z — ' n 02—02 / 



Z\ — Qm\l - j Z2 — Q 

The adjoint of the operator is defined with respect to the inner product Eq (l5.16l) . With respect 
to this inner product if we take pt to be the operator which multiplies the function with pk then p\ 
is given by 

Using the fact that integral form of the Macdonald polynomials can be interpreted as equivariant 
K-homology classes on Hilb*[C 2 ] it is possible to realize these operators in terms of equivariant 
bundles over Hilb*[C 2 ] ||22||. The relation with cylindric partitions suggests that the integral in 
Eq (l5.14l) counts the number of cylindric partitions of a certain shape. 



6 Refined Topological Vertex and (q, t) Identities 

In this section, we will use the refined topological vertex formalism to obtain certain (q, t) iden- 
tities. Recall that in calculating the partition function of a toric Calabi-Yau threefold using the 
refined vertex a preferred edge has to be chosen for each vertex such that in the toric diagram all 
the preferred edges are parallel [9]. For a given toric diagram there may be more than one such 
choice of the preferred direction. In such a case the expression for the partition function may 
look different for different choices of the preferred direction giving rise to identities involving the 
Kahler parameters of the Calabi-Yau threefold and the equivariant parameters q and t. 

These identities can also be directly obtained using fiber-base duality of J\f = 2 gauge theories J6l 
and Nekrasov's instanton calculus. Given that the refined topological vertex computation can 
only be done for geometries giving rise to gauge theories (via geometric engineering), the slicing 
independence of the refined vertex and the fiber-base duality are one and the same thing. We do not 
provide a rigorous mathematical proof of these identities. In each case we make use of a computer 
code; we expand each partition function corresponding to a slicing at a certain order in the Kahler 
parameters and compare term by term. The simplest such identity is the famous summation identity 
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which relates a sum over Schur functions to a sum over Macdonald functions, 

oo 

The toric diagram which gives rise to this identity is shown in Fig. [9] 




Figure 9: Two choices of the preferred direction labelled by the blue lines. 



6.1 Identities 

Here we want to demonstrate five explicit examples of identities using the slicing independence of 
the refined topological vertex. 

For almost all toric geometries we generically have three distinct choices for the preferred direc- 
tion. For every internal edge along the preferred direction there is a sum over all partitions and 
for every internal edge not along the preferred direction the sum can be performed explicitly to 
give infinite products. However, for each of the three choices of the preferred direction we do not 
always get a distinct expression. It is possible that two different choices lead indeed to the same 
expressions with Kahler classes and the corresponding labels for the partitions are appropriately 
exchanged. We demonstrate examples for this case in the following section. 



6.1.1 Example 1: X := O(-l) © 0(-l) i-> P 1 

Our first example is the toric geometry X . We can use the refined topological vertex to determine 
the refined partition function. The toric diagram and the two possible choices for the preferred 
direction are shown in gluing of the refined vertex are shown in Fig. |9l The refined partition 
function for the choice of the preferred direction shown in Fig.Htb) is given by 

Z(t,q,Q) := Y,(-Q)WCMv{t,q)C M Aq,t) (6-D 

V 

lis ui l - t a(s)+ y (s) )(l - t a ( s )q e ^ +1 ) ' 
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A different representation of the partition function can be obtained by choosing the preferred di- 
rections as shown in Fig. Ufa). The refined partition function with this choice is given by 

Z(t,q,Q) = ^(-g) |A| C A00 (t,g)C At00 (g,t) = ^(-g)l A l SAt (rO^(g" p ) 



A 

oo 



or 



Identifying the above two representations of the partition function we get the following identity 

qM(_i)M^^ j ^ o 



E 



- = Exp 



IL e „(l - t°W+V (a) )(l - H S V^ +1 ) { ^ n(gi - g-t)(ti - r?) 

which is a specialization of the identity Eq. (5.4) of ifTTl and was also derived in [?]. 



(6.2) 



6.1.2 Example 2: 0(0) © 0(-2) i-> P 1 

This geometry can be obtained from local P 1 x P 1 by taking the size of one of the P 1 very large and 
is the resolution of C x C 2 /Z 2 . The toric geometry and the two possible choices for the preferred 
direction are shown in the Fig. [TOlbelow. 



a) b) 

Figure 10: Two possible choices for the preferred direction, the internal line (a) and the parallel external 
lines (b). 



The refined partition function for the case Fig. [lOT a) is given by 

Z(t,q,Q) = Y,QM(-l) Wl C U u(t,q)fv(t,q)C U v'(q,t) 

V 

= ^(-Q)H^(t, q)Z vt (q, t) q^ f v {t, q) 

V 

Wv /I)M ( IW 



E 



risg^ 1 - ta{s)+i ^ (s) )(! - ta(s) Q i(s)+l ) 
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(6.3) 



The partition function for case (b) of Fig. [10] is given by, 

Z(t,q,Q) = ^g |A| (-i) |A| C0A0(t,g)A(t,g) C xtu (t,q) (6.4) 



A 

OO 

£(Q^) w M*~0M<r') = II (i-QjV-'Y 



i,j =1 



Exp E 



/ lb lb \ f lb lb \ 

Thus we get the identity (after rescaling Q and interchanging q and £) 

QM g ll"T ( 00 Q n (jj 

E n se ,(l-g a(s)+1 ^ ) )(l-g a(s) t £(s)+1 ) = ) £ n(gf -g-f)(tf -rf) ' ' (6 ' 5) 



6.1.3 Example 3 



Our third example is that of the geometry giving rise to 5D U(l) gauge theory with a single 
adjoint. The toric diagram of this geometry is shown in Fig. [TT] below. Fig. \TT\a) and Fig. [TTTb) 




Figure 11: The toric diagram for the geometry giving rise to 5D supersymmetric U(l) theory with adjoint 
matter. 



show two possible choices for the preferred direction needed for refined vertex calculation. The 
single thick line indicates the gluing of the corresponding edges giving rise to non-planar diagrams. 
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In Fig. CCDa) the preferred direction is along the non-compact edges whereas in Fig. [TTf b) the 
preferred direction is along one of the compact edge. 

The refined vertex calculation for Fig.fTTTa) gives: 

Z (*) = 5Z(-Q™) H (-Q) |A| ^0(t,g)C AV0 (g,t) (6.6) 

= J2 (-Q m ) M (-Q) lM (|) 2 s xym {t-p)s, h M-nsx h Aq- p )s,y m {t- p ) 

oo oo oo 

= Q m q- p *'t~ p n n [(i - Q k Q k m y l n (l - g*Q£V"r") 

i',j'=l k=l j)i=l 

(1 - g fe g^g ft - 1/2 t~^ +1/2 )(l - Q fe Q^g^ +1/2 t^- 1/2 )(l - Q k Q k + 1 q f>l t' J >) . 

Changing the preferred direction changes the expression of the refined vertex calculation and there- 
fore Fig.fTTTb) gives: 

Z (b) = ^(-Qm) lMl (-g) |A| C 0A/ ,(t,g)C 0AV (g,t) (6.7) 

llMl| 2 -||M f || 2 OO 

= £HW N (f) 2 PAt- p ;q,t)P»(q- p ;t,q)l[(l-Qq-^t-^>) 



6.1.4 Example 4 



The toric diagram of the geometry which gives rise to 5D U(l) gauge theory with two hypermulti- 
plets in the fundamental representation is given in Fig. [T2~1 below. 




(a) (b) (c) 



Figure 12: The toric diagram for the 5D supersymmetric U (1) theory with Nf = 2. The three distinct 
choices of the preferred direction lead to three distinct expressions, with a) no sums over partitions, with b) 
two sums over partitions and with c) one sum over partitions. 
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The choice of the preferred direction is indicated by the short double line. In this case there are 
three different choices for the preferred direction giving rise to three seemingly different expres- 
sions for the refined partition function. 

Fig.[l2ta) gives: 

Z {a) = Yl (-Q) ] *K-Qrni) l ^-Qrn 2 ) M C^ (6.8) 

( \v1\-\v2\ 
-) 2 v(9" P )MM( rP )VM(f P ) 

(1 - Qq-*t-H)(\ - Q mi q-<>H-H){l - Q m2 ^r^)(l - QQ mi Qm 2 q- p ^) 



5 (1 _ QQ mi? -ft- 1 /^-ft+i/2)(i _ QQ m2q - Pi +i/2 t - Pj -i/2} 

Fig.[l2tb) gives: 

Z Q>) = E ( _ ^) lMl ( _ ^mi) IW ^-Qm2) lM2| ^00Mi( t '?)^0wi(^ t )^V2(*)?) C 00M|(^*) 



llMll| 2 -||M t 1 l| 2 + llM 2 l| 2 -|lM f 2 l| 2 



E(-g mi ) lml (-g m2 )^ 2| (|) " P, { (r^q,t)P^(q-";t,q)P tlt2 (t- 



p 



Ml 



X P^q-O-t^q) Qg-W.'-«r^.^-«) 

Fig.fT^c) gives: 

z (c) = E (-G) N (-Q m J IH (-Q,nJ^ 

IImII 2 -H/|| 2 

= £H3) H (-) " ^*(g" p ;*,g)^.(*" p ;ff,*) 

00 

x J] (1 - Q mi g-"r*-«)(i - Q m ^~ Pi t- pi ) 

i>j=l 

Flop transition 

In this case there are only two different choices for the preferred direction. 
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(a) (b) 



Figure 13: The flop transition relates this geometry with that of Fig. [[2] The corresponding geometrically 
engineered gauge theory has masses of hypermultiplets of different signs. 



Fig. [13 a) gives: 

Z (a) = E (-3l) IWl (-Q2) IH (-Q 3 ) lM3| C^^ 

;i - Qiq-*t-*){i - Q 3 q~ p *t~pi)(i - g 1 g 2 g-«+ 1 t-ft- 1 )(i - Q 2 Qzq- pi+1 t- p ^ 1 ) 



oo 



n 



(1 - Q 25 -«+V2 t -«-i/2)(l - Q^QiQsq-f+VH-p.-m) 

Fig. fTST b) gives: 

Z Q>) = E (-Qi) M (-^ 2| (-g 3 ) lM3 ^ 3 0(g^^ 

1*1,1*2,1*3 

OO 

=J2(-&Q 1/2rl/2 ^ 2lt ^ n (i - Q lff -«r<«-« 

X (1 - Qgg-« r /4,i-Pi) 

6.1.5 Example 5 

Our final example is of the geometry giving rise to a quiver gauge theory with gauge group U(l) x 
£7(1). This theory, its generalization with U(k) N gauge group and the corresponding geometries 
were studied in [fT51 to which we refer the reader for more details. 
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Vi.Qii 



vi,Qi 



Hi,Q m, \ v 2> Q, 



H2.Q1 




(a) 



(b) 



Figure 14: The toric diagram for the 5D Aq quiver theory. The three distinct choices of the preferred 
directions are not all distinct, the other choice, picking the preferred direction along z/s will have basically 
the same form as the one in b). 



Fig. Eta) gives: 

Z (a)= E (-^mj'^-Qmj'^-Ql) 1 ^-^) 1 ^ 

M(_q 2 )I-I (|) 

S 4/ V 2 (^ P ) s ^/m ( rP ) s v2/m ( rP ) s ^/v3 (<l~ P ) s vi/m i ( f P ) s ^/m 

(1 - Q 1 q-»t-»)(l - Q 2 q-?H-H)(l - Q mi Q 2 q p *- 1/2 t- p > +1/2 )(l - Q mi QiQiq- pi t- p \ 



£ (-Qm^K-Qm^K-Ql 



4/771 P ) S Mi/r?i(g P ) 



n 

»J=1 



(1 - Q mi q»t-*)(1 - Q m ,Qiq- pi+1/2 t- p i- 1/2 ) 



s,M tP i Qit- p+l/2 q- 1/2 , Q mi Qit p , Q mi QiQ2t- p+1/2 q- 1/2 ) 



Fig. [14Tb ) gives: 

z (6) = E (-Qna) (-Q0 KI (-Q 2 ) l " a| C r 0v 1A . 1 (*, 5)^^* (g, t)^^ (t, g)C 0v t^ (g, t) 



Ml,M2 ,^1,^2 



llMll| 2 -|lf4l| 2 + llM 2 l| 2 -|lA4l| 2 



x 



E(-^) l/lll (-^) l/i2 '(-^i) kl (-^) k21 (|) " P^r^q^P^q-^q) 

00 
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7 Appendix A 

In this section we want to sketch the refined topological vertex computations for the resolved 
conifold, double-P 1 and the closed refined topological vertex. 



Resolved conifold 

Fig.[T5lshows the toric diagram of resolved conifold and our choice 
of {t, g}-parametrization. The double blue lines again show the 
preferred direction of the refined topological vertex. The partition 
function is given by 



E(-^) H ^^)CV0(<?,*) (7-1) 

E(-Q) Ma ^"")v(*~ p ) 



oo oo 



»=i j=i 



Figure 15: Toric diagram of re- 
solved conifold 



DOUBLE-P 1 



Fig. HH shows the toric diagram of double-P 1 . The partition func- 
tion reads 

= ^(-gi) lMl| (-g 2 ) l/i2| Q Ml0 (g,t)^ 2M0 (t,g)^ 00 (g,t) 

Ml >M2 

= £(-« 



ir" l| (-^2)" ,a| (?) |,,l/a ^(*" P )M/n(ff" P ) 0-2) 



x s«,(?~ P ) s a4/tj(*~ P ) 

= fin - ~ Qif ' 1/2qj ^ ^ ~ q**~ i/2 9 i ~ i/2 ) 

i=l j=l 



Qi 




Figure 16: Toric diagram of 
double-P 1 
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Figure 17: Toric diagram of closed refined topological vertex 



Closed refined topological vertex 

Fig. \H\ shows the toric diagram of closed refined topological ver- 
tex. The partition function reads 

Ml .^2,^3 

= £ (-^o'-'c-^) 1 -^-^) 1 - 1 (f) |T?l/2 QV 1 " 3 " 272 



111 ^ 



M3 

oo oo 



llM3ll 2 -|l4H 2 



P IJ , l {q~ p ;t,q)P m (t-P;q,t) 



1 - _ Q 2 g-^, 4 +i-l/2 f i-l/2) 



1111 h - n„n„a-ini\ y ' 



8 Appendix B: Useful Identities 

In this section, we want to give a short list of identities [fTTll or definitions which we have used in 
our computations. We also include a short proof of generalizing one of the identities. 
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The Schur functions define a basis for the symmetric function and the skew Schur functions 
s\/ii{x\,X2, ■ • •) have the following nice representation as a sum over all semi-standard Young 
tableau X/ix: 

s x/ ,(x 1 ,x 2 ,...) = J2 x T 1 ^ 2 --- (8.D 

where m 8 is the degeneracy of % in the tableau. The Macdonald function P L ,(t~ p ; q, t) is defined by 

P v (t- p ;q,t) = t^ 2 Zut(t,q), (8.2) 

where pi = 1/2 — % and 

with a(s) — i/j — i and £(s) — v i — j being the arm and leg length of s = G v, respectively. 
The Schur functions have the following properties: 

n 

where we have defined = // and i/ n ) = A. Note that i/ 1-1 ) -< i/W. 

s A/M (g-") =s A * /Mt (-g") (8.5) 
We extensively made use of the following sums 

oo 

V *J = 1 T 

OO 

^2 s vy^( x ) s v/tJ-(y) = II ( X + ^iJ/i) 5^ s vf/r{x)s v t/ T t{y), (8.7) 

where the right hand side of the equations reduce to the product if fx or i/ is equal to the empty 
partition, since S0/ T = 1 for r = and vanishes for any other r. The following product forms are 
known for the case of fx — v in the above identities and we also sum the left hand side over fx 

oo oo 

E^'W^Wy) = IK 1 -^)" 1 ]! O-^iVi)' 1 (8-8) 

p, A fe=l «J=1 



oo 



E? ipi vAWvA*(y) = n^-^T 1 n (8.9) 

p,A fe=l i,j=i 
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These last two identities are the ones we wan to generalize in the following way[]: 

£ ?"S/a(* (1) , x^\ . . . , xW)s p/x {yU,yW . . . , y<*>) = ]J (l - ^ jj (l - ^i/f) " 

p,A fc=l *J=1 

oo -.00 00 00 

n n (i-^vf)" n (i-^v) - n (i-^r 

j,j=l ij=l jj=l i,j=l 

where each of 2^ is an infinite series of variables (x±\ x%\ x$ \ . . .). 

Using the fact that Schur functions are symmetric functions we can introduce the following vari- 
ables and make use of the Eq.( |8.8l) : 

(« mod N) 

W i ~ X [i/N\ 



(i mod M) 

Zi — y[i/M\ > 



hence, 



£ q Ms p/x (xW, . . . , x^)s P/ x(y (1 \ y {2 \ • ■ ■ , y {N) ) = £ 

p,A p,A 

In these new variables the product will take the form 

00 00 

n(i-gw,r= n n ...n^-^r 1 

i,j=l i={l,N+l,2N+l,...} i={2,N+2,2N+2,...} j=l 

00 00 

n n^-^r 1 n nc 1 -^) -1 - 

j={l,JV+l,2JV+l,...} j=l i={2,N+2,2N+2,...} j=l 

00 00 1 00 00 . 

^nrK 1 -^)" niKi-^vr - 

The same approach as the above one for the product over j leads to the expression promised to be 
proved. For completeness, let us finish introducing some standard notation: 



«(A) =2 U-i) ( 8 - 10 ) 

l|A|| 2 = J>' (8.11) 

i 

k(X) = ||A|| 2 — ||A*|| 2 (8.12) 



7 We pick one of these two similar forms, the other form is obvious and the proof is identical. 
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